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Abstract—The steady motion of a line of rigid spherical particles in a thin elastic shell of smaller diameter is
considered Coulomb’s law of friction is assumed to hold on the contact surface between the spheres and
the shell. The case in which the particle radius is comparable to the inner shell radius is investigated by
using small deformation elastic shell theory. Furthermore, the case in which the diameter ratio is large is
considered by neglecting the bending stiffness of the shell. Equations of motion are reduced to a set of
nonlinear differential equations. An iterative procedure is introduced to determine the location of free
boundaries seperating the contact region from rest of the shell. The force required to pull the sphere with
constant speed is calculated as a function of the elastic properties of the shell, coefficient of friction onthe contact
surface, the diameter ratio and the speed V,, of the spherical particles.

I.INTRODUCTION

Uniaxial motion of a line of particles in a rigid tube filled with fiuid was extensively studied by
many authors (See[1] for references). Tozeren and Skalak[1] considered the flow of an elastic
sphere in a tube of smaller inner diameter. They introduced an iterative procedure to combine
lubrication analysis with a series solution giving the displacement field of an elastic sphere
moving in a rigid tube of comparable diameter. A variational principle was introduced and finite
element analysis was employed by Zarda ef al.[2] to study the motion of highly deformable
cells in rigid tubes.

The motion of uniform plastic shell has also been extensively considered [3]. However
non-linear analysis corresponding to large deformations was mainly restricted to stability and
vibrations of shells undergoing radial deflections [4].

Contrary to the articles mentioned above in which particles are assumed deformable and the
tube rigid, this paper investigates the steady motion of a line of rigid spherical particles in a thin
elastic shell of smaller diameter. The impetus for undertaking this problem comes from the
studies of the mechanical behavior of ureters obstructed by calculi and motion of white blood
cells in narrow capillary blood vessels. However, the analysis may be relevant for a wide class
of problems involving particle-vessel interactions. In such cases the present treatment may
serve as a starting point or qualitative guide to the nature of resuits to be expected.

Coulomb’s law of friction is assumed to hold on the contact surface between the sphere and
the shell. The location of the boundary seperating part of the inner shell from the part still in
contact to the surface of the sphere is not known in advance, but will be found as part of the
solution. Present study constitutes an example of a free boundary problem. Burridge and
Keller[5] considered several cases of peeling, slipping and cracking involving a one dimensional
continuum with a free boundary, Such problems may be intrinsically of interest to the research
fields of crack formation, fault plane slippage and rouleaux formation of red blood cells.

The force required to move a sphere with constant speed through a circular cylindirical shell
depends strongly on the ratio of the particle diameter to the inner shell diameter (A = Ry/a). If
this ratio is slightly greater than one, bending moment M, and the shear force Q, are major
unknown quantities in the analysis. This case is treated first. Infinitesimal deflections on the
shell middle surface and pressure distribution on the contact region are calculated using the
assumptions of linear elastic shell theory.

Bending stiffness of the shell is not important in severe deformations that occur when
diameter ratio A is large. The thin shell then can be studied as a membrane tube. The analysis of
the shell inm this case will be carried out for two different hyperelastic materials. Equilibrium
equations are reduced to a set of non-linear differential equations.
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An iterative procedure is introduced to determine the location of the free boundary and to
combine the solutions obtained for the contact region and the free part of the shell. The force
required to pull the sphere with constant speed is calculated as a function of A, coefficient of
friction, u and the elastic properties of the shell.

Kinematics of the middie surface of the shell caused by the moving sphere is considered
next. Velocity and acceleration vectors are expressed in terms of extension ratios A;, A, and
their spatial derivatives. Acceleration terms are incorparated into equations of motion. The
solution of these equations illustrate the effect of sphere velocity on the deformation of the
shell.

Numerical results are presented which illustrate the character of shell deformation for a
wide range of the paremeters mentioned above.

2.SHELL EQUILIBRIUM EQUATIONS

Consider a rigid spherical particle of radius R, moving axisymmetrically through a circular
cylindirical tube with a uniform velocity Vo. The tube is assumed to be a thin elastic shell of
uniform initial thickness ho. The radius R, of the sphere is supposed to be greater than the
initial inner radius @ of the shell. One edge of the shell is fixed in radial and axial directions and
the other edge is free as shown in Fig. 1. In the region where sphere touches the shell, the
middle surface deforms into a spherical surface with radius (Ro+ h/2), where h denotes the
deformed thickness. The boundary of the contact surface is not prescribed, but must be found
as part of the solution of the problem. This boundary consists of two circular sections
seperating the sphere surface from the inner surface of the shell. These sections are denoted as
A and B, section A being the boundary on the side of the free edge as shown in Fig. 1.

Coulomb’s law of friction is assumed to hold on the contact surface. The axisymmetric
deflections of the shell and the force required to pull the sphere with constant speed is to be
determined.

Cylindirical coordinate system (r, 9, z) fixed to the center of the sphere is introduced. The
arc length along a meridian reasured from a fixed material point is denoted by s and §,
respectively in the deformed and undeformed positions. Due to the symmetry of deformation,
principal directions of strain at any point coincide with the meridional, circumferential and
normal directions at the same location on the middle surface.
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Fig. 1. Inital and deformed configurations of the elastic shell and sign convention of the resultant forces
and moments.
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Principal stretch ratios A}, A, énd A; in these dieections are defined respectively as
r h
A=, /\z=;, AJ='E’ nH

where r denotes the radial distance from the z axis of the cylindirical shell. For tubes of
incompressible material stretch ratio Ay = 1/(A,A,).

The angle that the normal to the middle surface makes with the axial direction is denoted by
¢ and is shown in Fig. 1. The principal curvatures k; and k; are defined by relations.

ky=(d¢/ds), ky=sind/r. ¥)]
It is assumed that lines perpendicular to the middle surface before deformation remain

perpendicular after deformation. Stress resultants of the shown in Fig. 2. Equations of motion
for a thin shell are, from Timoshenko and Kreiger[6],

dT,  1d
‘Jf+;£(T|—Tﬂ‘k|Ql+PI=W; €]
KT+ kT +1 4 :0)- P = - @
hrhkly+ooe 1 3 Pan
where
1dr oy _dMy
Q‘—rds(M’ M) i &)

M, and M, are the bending moments per unit of final length in the meridional and circum-
ferential directions respectively and Q, is the shear force per unit of final length perpendicular
to the middle surface. T, and T, are membrane tensions per unit of final length and P, and P,
are the tangential and normal loads per unit of final area, respectively. Contact forces are
supposed to apply on the middle surface of the shell. Components of acceleration vector along
the tangential and normal directions are denoted by a, and a,, respectively. Note that areal
density p in eqns (3) and (4) are related to the constant density p, of the shell by the equation

p = Ashopo. ©)
If the radius R, of the sphere is only slightly greater than the inner radius of the tube, shell
equations can be based on the assumptions of linear theory of elasticity. As a starting point, this

solution will be outlined in the next section before analysing the finite deformations of a
hyperelastic shell caused by the large values of A.
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Fig. 2. Variation of Contact pressure with respect to he axis of the tube (A = 1.04049, u = 0.1, u =0.4).
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3. SMALL STRAIN ANALYSIS
Equilibrium equations for the thin shell under the assumptions of small strain reduce to [6)

%T]+P, 0 6)
.5 _p .
iz T a Py=0 @

where @, =~ (dM,/dz). It will be more suitable in this case to describe the deformation, in
terms of a displacement vector. Components along the r and z directions are denoted by w and u
respectively. Displacement component v in the circumferential direction vanishes. Assuming
Hooke's law, stress resultants and bending moments can be expressed in the form:

Eh (du w Eh du
= ;’(dz+"a)’ h=1Z ’( +"dz) ®
M.z-»D(d’ wid ), My=—vD(d wld 2) 9

where E denotes the Young's modulus, » is the Poisson’s ratio and D is the flexural rigidity of
the shell (D — ER)I(12(1 - v?).

The deformation of the shell depends strongly on the two geometric parameters A and (hfa).
It can be shown that

% = (- e (sinlgzl + cos B2, A <1+ gty o

The parameter 8 is defined as 8* = 3(1 — »?)/(a*h?). This solution corresponds to the case where
the bending rigidity of the shell allows the sphere to touch the inner surface only at a singular
arc. For greater values of A, the contact region becomes a spherical surface and the displace-
ment w on the contact surface can be approximated as:

(wla)=(A - 1)~ (da}2. (I

In this domain, dimensionless displacement (#/a) and pressure (Psa/Eh) can be shown to be
expressed in the form

L ~pr(za) (V I)Z (I-Vz_(A"'l) r

7 B+ Bye™* +6 Z.u ;1-5+ L . )a (12)
.&2—( ‘ ) ~us(z~24)a 1 ___'__z__
Eh ~ A-1- W+uva S +W pva (13)

where B, and B, are constrants of integration and u is the coefficient of friction on the contact
surface. In eqn (13) boundary condition at unknown location A

Py(z4) = T(z4)la (14)

has been employed where z, denotes the z coordinate of section A. When contact surface is
smooth (u = O)r, pressure distribution is given by the equation

(PyalER) = ((A = 1) - (z/a)}/2). (15)

The free part of the shell in which there are no external loads is physically divided into two
regions by the sphere. In this domain solution of equilibrium equations yields displacement
component (w/a) as

)

~Bxia} a
Eh’

%= ; T (A @ sin Bx®)+ A cos Bx @)~y ==
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where

;)

X(A)= =2 XV=zg-2z, a= A,B, (]6)

Boundary conditions at infinity

£=_£I‘“_’ _d_y_=d2w=oasx(,)_*w
Eh’ dz df

are already staisfied by eqn (16). In the case of a single sphere moving inside the tube, stress
resultant T, is equal to zero in the domain 2, < z <®. However there will be a uniform tension
T, = T*® along the meridian of the shell in (— % < z < z;) given by equation

T® =, ] " py(2)dz. (17)
28

Tension T'® depends on locations of A and B, and integrand P; is given by eqn (13).
The boundary conditions at A and B can be stated as

(w] = [%‘23] - [%2;“;] ~0atz=z, a=AB. (18)

Here for any function g(z, ¢t), g(z,', ¢) is the limit of g(z, ¢) as z approaches z, from above and
below, and

[8(z0, ] = 8(2.%, t)— 8(2.7, ).

Comparison of eqns (11) and (16) show that these continuity requirements are satisfied if
A@=1 A@=]|882 2(A—I+LT‘°’ 1/2_1 19
1 =5 2 "[ ﬂ a Eh )] ( a)
% = (4%~ )/2Ba. (195)

A simple iterative procedure is needed to determine the values of A,'®, zz, and T® from eqns
(17), (19a and 19b). The computational cycle is repeated until the additional tension AT'®
becomes sufficiently small.

The dimensionless force required to pull the sphere (F,/2 wahE) is equal to (T*®h/aE) when
the region of contact between the sphere and the shell is a surface. For values of A such that
the contact is along a circular arc

2 Tfa:h] [ E‘:,z)]m(/\ — 1)(hla)'™. (20a)

It is expedient to present numerical results in terms of dimensionless variables. Elasticity
parameter (aB), coefficient of friction. 1 and diameter ratio A are chosen as independent
parameters. Computations are carried out for values of (aB) such that ratios (h/a) and (A - 1)
remains in the same order of magnitude. Numerical results using eqns (12) and (14) indicate that
effect of frictional forces on the pressure distribution P, is negligible (Fig. 2). For contact
problems involving small strains of elastic continuum, this fact is generalized as a widely used
assumption to obtain solutions for the contact pressure P;[8]. Using the pressure distribution
for u =0 as an approximation, the force required to pull the sphere can be expressed as

F, _,, [V2,_ S5(A — 1)(ha)"® v/Q2)(A —1)"P(h/a)
meE = 26 - 0 S~ o (200)

shay? . (hla)
[ T SA TE T ) L
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F, increases linearly with u. Figure 4 shows the dimensionless force (F,/2mahE) plotted against
(A —1) for a set of values of (h/a).

Combination of the solutions obtained above shows that bending moment M, is equal to
(D/a) at the contact surface and is continuous at boundaries A and B. However shear force Q,
will have a finite jump from its zero value on the contact surface to values Q= D(1 + A,*/a)
at boundaries A and B. The distributions of dimensionless displacement (w/a), bending moment
(aM,/D) and the shear force (a>Q,/D) along the axis of the shell are illustrated in Fig. 3. Results
indicate that solutions approach asymptotically to zero at either direction effectively within a

{a%0,/0) {w/o) (aM/D)
Sr 1.8
8 e
7t I:{w/a) B 4040 dia
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Fig. 3. Variations of radial displacement w, resuitant moment M, and resultant shear Q; along the axis of
the shell (A = 1.03375, B = 4.041, o = 0.1).
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Fig. 4. Force required to pull the sphere with constant speed in a tube of slightly smaller diameter as a
function of A.
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distance that equals to the radius of the sphere. This indicates that the solutions described in
section three can easily be generalized for a line of spherical particles even when the particle
spacing is taken to be equal to one particle diameter 2R,.

4. MEMBRANE ANALYSIS OF THE SHELL
In this section, severe deformations of the thin shell caused by large values of diameter
ratio A will be considered. In this cause, tensions T, and T, play a dominant role; bending
moments M,, M, and shear resultant Q, are neglected in equations of equilibrium. The thin

shell is assumed to either made of Mooney material or a biological membrane described by
Skalak et al.[9).

The stress resultants T, and T, for an incompressible Mooney material can be expressed in
the form

T, =4hyCiA5(A 2 = AD(1+TAY) 21
Tz = 4h0C|A3('\22 b A;z)(] + FAlz) (22)

where C,; and T are constants and A3 = 1/4;A,.

Another case that will be studied is the shell made of a biological membrane that strongly
resists any attempt to change it's surface area but is easily deformed at constant area. The
constitutive equations for a hyper-elastic material that has this property is given as(8)]

T.=—p+—12i1\.2(,\2—l) 23)
B 2 2
Tz=‘P+‘2‘)‘2 (A"~ 1) (24)

where B is a material constant, —p is the isotropic tension and A;=1/A, required by the
constant area condition. Since the material is assumed to be incompressible, the thickness h, of
the shell do not change with deformation.

The cylindirical middle surface will deform in to a spherical surface with radius R, in the

contact region bounded by sections A and B. Equations of equilibrium in normal and tangential
directions reduce to

T\ + T, = RoPs (25)

%E = cot §(Ty~ T)+ w(T, + T 26)

where polar angle ¢ is considered as the independent variable. External load P, was eliminated in
eqns (25) and (26) by using Coulomb’s law of friction. The boundary A is located with respect to the
center of the sphere at ¢, = sin™' (a/Ry) since the bending stiffness of the shell is neglected. At this
location boundary condition can be stated as

T\(¢a) = Tx(¢a)=0. @n

Extension ratio A, on the spherical contact surface is given in the form

Ay =(Ry/a) sin ¢. (28)

A first order differential equation is obtained for principle extension A, if eqns (21) and (22) of
tensions T,, T, of Mooney material are substituted into eqn (26)

di,

i [cotd A=A AT 4347+

+pQEAAZ = A4+ A7 447 -T2+ A7) (29)
[A(1+TAN1+34,720,73)
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where A, is given by eqn (28). Numerical integration of (29) satisfying condition (27) at A
reveals the distribution of A; on the contact surface. Tensions T, T, and pressure P; are
obtained by using eqns (21), (22) and (25), respectively.

Pressure distribution on the contact surface of Mooney shell assuming u =0 is shown in
Fig. 5(a) for increasing values of parameter A. It will be observed in this case that an initial rise in
inflating pressure will be followed by a fall as diameter ratio A =(Ry/a) increases. This is
similar to the softening phenomenon is readily observed during the inflation of a spherical
rubber balloon[10]. The variation of pressure distribution P; with coefficient of friction u is
illustrated in Fig. 5(b). As can be seen from this graph effect of tangential contact stress on
pressure P; can not be neglected in large deformations of the shell.

Extension ratio A, of biological membrane is equal to (1/A,) in this region due to constant

B0, r=0i
201 1 (R/0) = 115
I (Rae!+* 1%
3 o (R/0) =200
< IV (R/g)+2.93
<
S vV (R/a) -3.86
"
9: [Xel o
ol 4 8
30° 60° 90* 120° 50" 180°
@
st
z-
r:01,{R,/0) + 386
I:u=*=0
O:u =01
W: u=02
(b IVi g =03
ol_4 8

Fig. 5. Contact pressure vs distance along the axis of Mooney shell: (a) pressure dependence on 4. (b)
pressure dependence on u.
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surface area stipulation. A differential equation for pressure P; is obtained by eliminating
isotropic stress (— p) from eqns (25) and (26)

%—%—2@, = -8 cos [~ 607sin? ¢ + 4 sin ¢ ~24sin” 4], (30)
The solution of (30) satisfying condition (27) can be written in the form:
¢
(2P,a/B) = e"“[ f e~ cos $(6A° sin ¢° — 4A sin & + 245 sin™> ¢}d¢]. G1)
L

Variation of this pressure distribution with respect to parameters A and u are shown in Fig. 6(a)
and Fig. 6(b), respectively. As can be seen from these figures the contact pressure increases
with increasing A contrary to the softening behavior of Mooney shell. However the effect of
on the contact pressure is very similar'in both types of tubes, increasing rhe pressure in the
domain zp < z <0 (Fig. 6b).

Stress resultants T, and T, and isotropic tension (— p) are obtained by substituting (31) into
eqns (23)25) respectively.

The force required to move the sphere inside the tube with constant speed V, may be
expressed as

&,
F,=2mR} L * (Pycos ¢+ uPs sin ¢) sin ¢ d . 32)
A

In order to estimate this force the location of free boundary B must be determined. The
boundary conditions at B can be states as

(TeaN) = (TitzsN) = [2] = [$2] =0at 2= 25 (3

which requires the continuity of A,, A,, (— p) and their first spatial derivatives.
In free part of the shell (—<z<zp) equilibrium equations in tangential and normal
directions can be reduced to

a7, _ 1

I{z‘ = E(Tz" T) (34)
@\l _ Ty
[1+a*(dAsJdz)] AT (E)

If constitutive equations for tensions T, T, are substituted into eqn (34), the resulting
differential equation can be integrated with respect to A,. In the case of biological membrane T,
is obtained in the form

T, = Dy + JU01)+ (471 - 0312) - (4712) 36)
where
D, = 1,2 - 20214+ ()14 - 0,712 - 0Py 212] )

is constant of integration determined by the requirement that T, be continous at section B. The
symbol A,® denotes the value of A, computed by using the solution valid in the spherical
contact region at unknown location ¢ = ¢p.

Tension T can similarly be written as a function of single variable A, by eliminating (- p) in
eqns (23) and (24) and using the relation A, = 1/A,.

§S Yol. 17, No. 8D
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Fig. 6. Contact pressure vs distance along the axis of biological shell: (a) pressure dependence on A; (b)
pressure dependence on u.

If the shell is made of Mooney material eqn (34) is reduced, after suitable manipulations, to
a differential equation in the form
(T+3A49{d(A,*A2)/dz] = d(A,%)/dz ~ d(A P)/dz - (T/ANd(A")dz) - BT/ wy*Nd(A )d2).  (38)
The integration of this equation with respect to z reveals the relation

(rA;z + 1)A“ - (Azz + r[A;z + D;)A ;2 - 3IA12 - 3l"= 0 (39)
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where integration constant D, is found by the requirement that T}, T, be continous at B
Dy =T(A%A, B = 3(A,BA,%) 2 = (AB) + (A B2 - T((A,P) 2= 3(A, B) 7). (40)

Extension ratio A, is obtained as a function of A, by using the positive root of this polynomial
for A% Tensions T, and T, are then found by using eqns (21) and (22).

In order to complete the analysis of deformation, extension ratio A, must be expressed as a
function of z. A new dependent variable g defined by the relation

q = a¥(dA,/dz) (a1

is introduced in to the second order differential equation (35). After integration with respect to
A,, the solution that satisfies the conditions (33) is written in the form:

1+ az(dAzle)z = (l + A2 Cos ¢32) exp [2 [‘2 (Tz/(Ale))dAz]. (42)
A8

Numerical resuits may be obtained by selecting a suitable value for ¢5. Extension ratio A, is
found by numerical integration of eqn (42). The location of the fixed edge will be at the section
where A;=1. If in the domain (—© < z<2g) A, is not equal to one at any point, then this
solution will be disregarded. The value of ¢ is then increased by increment A¢p and the
computations are repeated. Force required to pull the sphere is calculated as a function of its
distance from the fixed edge of the shell.

In the case of a single spherical particle that is sufficiently distant from the fixed edge of the
shell, the location ¢z of free boundary B will not change with respect to the center of the
particle. The deformation of the shell will be confined to the increase of length of the portion
with minimum A, = A,,. In order to obtain this steady state solution, it will be assumed that

(dAz/dZ) = (dz)z/dzz) = Tz ={ at Az = Az,,,. (43)

Equilibrium eqn (35) is automatically satisfied at A, = A,, with this assumption. Integration
constants D, and D, for the biological shell and Mooney shell, respectively, can be written as:

D, = g [= 125044 +0.75A54 + 1.5A%,, - 0.5 5% m
Dy==3TAL, —4A2, + A58, 45)

Numerical integration of eqn (42) will reveal the solution as a function of z. The polar angle ¢
and the normal distance R are obtained along the axis of the shell by using the relations

¢ = cot™! (adA,/dz) (46)
R = a)yfsin ¢. @n

Let us denote the tension T, obtained from the solution mentioned above valid in the range
(-~ % < z = z3) by superscript f. An iterative procedure is established by increasing the value of
A2w bY an increment AA,,. The free boundary B will be at the location where the conditions

Ti(¢) = T{i(¢), (RlaY = (Ro/a)* 48)

are satisfied. Subscript j refers to the solution of jth iteration, and superscript ¢ denotes the
solution valid in the contact region.

Numerical computations described above are employed for both types of membrane tubes.
Deflected shapes of the elastic shells are illustrated in Fig. 7 for A =2 and a set of u values. As
either one of parameters A and u increases, the inner radius of the biological shell decreases
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Fig. 7. Finite deformations of elastic shell caused by the motion of the sphere: (a) Mooney shell; (b)
biological shell.

rapidly while for the Mooney shell the thickness of the tube becomes thinner to accomodate the
motion of the sphere. These two types of behavior would give quite different mechanical results
for example if the tube was filled with fluid.

The force required to pull the sphere with constant speed is strongly dependent on the
diameter ratio A. This dependence is illustrated in Fig. 8 for biological shell and Mooney shell.
Coefficient of friction u is employed as a parameter in these figures.

The steady flow of incompressible elastic spheres in a rigid tube of slightly smaller diameter
and filled with fluid was considered by [3]. Relative apparent viscosity that represents the
pressure drop along the axis of the shell was shown similarly to increase with A. However, in
the region where there is a thin lubrication layer between the shell and the sphere, tangential
stresses become negligible and the pressure distribution has only point symmetry with respect
to the center of the sphere.

In the case of a line of spherical particles that are sufficiently distant from each other, the
analysis will be the same as described above except that the angle ¢, will be taken equal to
(m— ¢5""") where n denotes the nth sphere further away from the free edge of the shell.
Deflected shapes of the elastic shells of biological membrane and Mooney membrane are
illustrated in Fig. 9. The force required to pull an additional sphere remains approximately
constant in the range of numerical computations that considered at most threee spheres moving
in the shell.

5.CONSIDERATION OF INERTIAL EFFECTS

In this section kinematics of deformation of the thin shell will be considered. Acceleration
vector will be expressed as a function of extension ratios A, A, and their spatial derivatives.
The solution of equations of motion will be obtained for the biological membrane tube. This
analysis, presented below would also be useful if a thin layer of fluid is assumed to exist
between the shell and the sphere. It would be necessary in this case to solve the lubrication
equations and shell equations respectively.

Let us consider an inertial cylindirical coordinate system i whose origin is located at the
center of the sphere at time ¢ = 0. Velocity of the fixed edge is zero and boundary A moves
with speed V, with respect to this reference frame. Material points of the shell at boundary A
will change continously with time £. Ley us denote the speed of these material points of the
middle surface located instantaneously at A by V;. Then a solution for the deformation of the
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Fig. 8. Force required to pull the sphere with constant speed vs diameter ratio A: {a) Mooney shell; (t)
biological shell.
shell will be seeked in the form
r=r§Z (V- V1) (49)

Z= Z(§+ (Vo“ V|)t)+ Vof (50)
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Fig. 9. Finite deformations of elastic shell caused by a line of spheres: (a) Mooney shell; (b) biological shell.

where $ is the arclength along the underformed meridian. At time ¢ =0, $ =0 for material
points instantaneously at A and increases in the direction towards the fixed edge. It will be
desired to express velocity and acceleration as a function of the arclength s, along the deformed
meridian of the shell. Using the relations

ar_drds | i
G- Gdr =g Q)

where §=(§+(Vy— Vi}t), velocity and acceleration vectors on the middle surface can be
written as

V=V, —(Vo- Vi)Ase, (52)

a=§—V9—'—YJ)—2[au se, +(a%A,%Aq, ss/(1=(aAq, SP)? 53
2 1AL, Se, +(a%As%A,, s5/(1=(ahy, 5)7)) e,) ($3)

where e, e,, e, are the unit vectors in axial, tangential and normal directions to the middle
surface and A;, s = dA,/ds.

Bending stiffness of the shell will be neglected and the term (dA,/ds) may be discontinous at
the moving boundary A. In order to derive the conditions at this location, integrated form of the
momentum equation is considered

9 b
EL prvds = ¢(b, t)- d(a, ) +P (54)

where ¢ = r(dz/ds)Tie,, P is the concentrated force per unit length along the azimuthal
direction at the moving boundar £ = o(¢), and p is the areal density. The interval of integration,
a <8< b is chosen to contain § = o(¢) at time ¢. Tensions T,, T; are assumed to be continous
and equal to zero at A. In the limit as g and b tend to $ = o(1), this equation reduces to

p(Vo— Vi)(e, +¢,)=P. (55)
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Hence, the resultant force acting on the moving sphere at location A becomes
P=2map(Vo- ViP(1-7 e (56)

In order to find a relation between V, and V, conservation of mass equation will be considered.
The part of the shell that lies in the domain z,, < z < z, will be chosen as the control volume.
The subscript m denotes that section of the shell with A, = A, and further away from the fixed
edge. Noting that the shell material is incompressible, this eqn leads to the following relation

Vi= Vol = A2mAsm). 7))

If there was no slip between the shell and the sphere, this equation shows that the motion described by
eqns (49) and (50) would not be possible. Either the minimum radius, or the thickness of the shell
would vanish as the sphere moves further away from the fixed edge.

Equation (57) was used to plot dimensionless relative velocity (Vo— V,)/V, against u for
A =2 in Fig. 10. Coefficient of friction u, diameter ratio A and speed V, are the three
parameters that determine A,, and A;,. Solution of Section 4 was employed in calculating A,,,
and A,,, which are not very sensitive to the value of V.

Equations of motion (3) and (4) including the inertial terms described above are solved for
the biological membrane shell by using the computational scheme presented in Section 4.

In order to proceed with numerical integration, it was expendient to introduce the parameter
G defined as

G =p(Vo- ViVIB (8)

where B is the elasticity coefficient of the biological membrane. Knowing the speed V; of the
particle is not sufficient to determine G (eqn 57). In order to combine the solutions at free
boundary B for given values of V, (Ry/a) and g, an initial value for A,,, is selected to start the
iterative procedure. For each new A,, value parameter G must be recalculated by using (57)
and (58) and be inserted in solutions valid in the domains (z5 <z<z,) and (2, <z < z).
Location of boundary B changes with increasing the value of V,. Consideration of shell inertia
shows that resultant axial force on a cross section normal to the z axis is not uniform when G is
not equal to zero. This force has its maximum value at the fixed edge (Fig. 11). Hence the force
F, required to pull the sphere is smaller than the force F,¥ at the fixed edge. This is expected
because the acceleration of particles on the midsurface of the shell remaining between the fixed
edge and section B is towards the fixed edge. Figure 12 shows the variation of F, and F,¥ as a

(R,/0) =2
[ : Mooney shell
I : Biological shell

o] 0l 02 03
B

Fig. 10. Variation of dimensionless relative speed (Vo — V,)/ V, vs coefficient of friction u((T) Mooney shell;
(I1) biological shell).
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Fig. 12. Variation of the force F, required to pull the sphere and F,¥, the reaction force at the fixed edge vs

shell inertia parameter.



Motion of rigid spheres through elastic tubes 785

function of parameter G for A =2 and u =0.2. As the speed V, of the spherical particle
increases the force F, decreases. It is known that apparent viscosity n decreases with
increasing speed V, of spherical elastic particles in a rigid tube filled with fluid [1]. However
this is a mechanically different phenomen caused by the increase of the gap thickness between
the sphere and the shell for larger Vj, values.
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